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In this paper, we prove that given µ > 0 there exists a dense linear manifold M
of entire functions, such that,
lim
z→∞
z∈l
expzµf z = 0
for every f ∈ M and l straight line and with inﬁnite growth index for all non-null
functions of M . Moreover, every non-null function of M has exactly 22µ	 + 1
Julia directions. And if l is a straight line that does not contain a Julia line, then
for every f ∈M
lim
z→∞
z∈l
expzµf jz = 0
and for j ≥ 1, f j is bounded and integrable with respect to the length measure
on l and
∫
l
f j = 0.  2002 Elsevier Science (USA)
1. INTRODUCTION
Bernal [7] proved that, given µ ∈ 0 12 , there exists a linear manifold M
of entire functions, which is dense in the space of all entire functions and,
in addition,
lim
z→∞
z∈S
expzµf jz = 0
for every f ∈M and j ∈ , where S denotes any plane strip.
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As a consequence, for j ≥ 1, f j is integrable on every straight line with
respect to length measure s, and
∫
l
f j ds = 0
On the other hand, the growth index is inﬁnite for all non-null functions
of M .
The main tool of the proof of this result is the Arakelyan’s theorem about
approximation with speed by entire functions. But, this theorem says noth-
ing of the case where µ ≥ 12 . However, if µ ≥ 12 , Armitage and Goldstein
using a result of harmonic approximation proved that there exists a non-null
entire function f such that
lim
z→∞
z∈l
expzµf z = 0 (1)
Moreover, if (1) is true for all positive numbers µ, then f ≡ 0 (see [4]).
The problem that we are concerned with in this paper is to prove a result
similar to [7] for µ ≥ 12 . That is, given µ > 0 there exists a dense linear
manifold M of entire functions, such that
lim
z→∞
z∈l
expzµf z = 0
for every f ∈ M and l straight line and with inﬁnite growth index for all
non-null functions of M .
Moreover, every non-null function of M has exactly 22µ	 + 1 Julia
directions. And if l is a straight line that does not contain a Julia line, then
for every f ∈M , we have that
lim
z→∞
z∈l
expzµf jz = 0
And as a consequence, f j is bounded and integrable for j ≥ 1 with respect
to the length measure on l and
∫
l f
j = 0.
2. RESULTS
Denote H as the space of all entire functions, endowed with the
compact–open topology, and denote ∗ as the one-point compactiﬁcation
of . If F is a closed subset of , then AF is the set of all continuous
functions on F and holomorphic on interior of F .
Given f as an entire function, if r > 0, we deﬁne exp1 r = exp r,
expm+1 r = expexpm r m ∈ , and Mf r = maxf z  z = r.
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For r > 0 large enough, we denote log1 r = log r, logm+1 = loglogm r
m ∈ . The m-order growth ρm = ρmf  of f is deﬁned to be
ρm = lim sup
r→∞
logm+1Mf r
log r

Note that ρ1 is the ordinary growth order of f . The growth index of f is
if  = minm ∈   ρmf  <∞, and we set if  = ∞ when ρmf  = ∞
for all m.
We call φ a Julia direction of the entire function f , if in every sector
z   arg z−φ < δ with δ > 0, the function f assumes each complex value
inﬁnitely often, with at most one exception. And the ray reiθ  r ∈ + is
a Julia line. Denote Jf  = eiφ  φ is a Julia direction of f.
In the proof of the main result, we need the following lemma:
Lemma 1 [1, Lemma 6]. Let F be a closed subset of the complex plane
such that ∗\F is connected and locally connected at ∗, and w a continuous,
bounded, zero-free function on F , holomorphic on Fo. Then, given g ∈ AF,
there exists an entire function h such that
gz − hz < wz z ∈ F
We are now ready to state our results.
Theorem 1. Given µ > 0, there exists a dense linear manifold M of entire
functions, such that:
(a) lim z→∞
z∈l
expzµf z = 0 for every f ∈M and l straight line.
(b) if  = ∞, for all non-null functions of M .
(c) Every non-null function of M has exactly 22µ	 + 1 Julia direc-
tions.
(d) If l is a straight line that does not contain a Julia line, then for every
f ∈M
(i) lim z→∞
z∈l
expzµf jz = 0
(ii) f j is bounded and integrable with respect to the length mea-
sure on l and
∫
l f
j = 0.
Proof. Consider a denumerable family of polynomials pn dense in
H and let n = 2µ	 + 1. Denote T α = reiθ  r > 0 θ < α and
deﬁne
Gj =
{
zeij
π
n  z ∈ T
(
π
2n
)}
j = 0 1     2n− 1
G = G0 ∪ · · · ∪G2n−1
K = reiθ  rn cosnθ ≥ 1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We can observe that K is a closed set with 2n connected components Kj
such that Kj ⊂ Gj j = 0 1     2n− 1. Also deﬁne L = ∂G\D0 1, so
that L consists of 2n disjoint semi-inﬁnite lines. Then there exists h as an
entire function, bounded in K ∪ L, zero-free, and
exprµha+ reiθ → 0 r →∞
for all complex numbers a and all real numbers θ ([4, Example 7]).
Let Bn = z  z < n and let En = K ∪L\Bn+1. Moreover we choose
a sequence zkk∈N ⊂ K ∪ Lc so that it has a point in each component
of K ∪ Lc of the same modulus and rk = zk is increasing.
Consider
Fn = Bn ∪ En ∪ zkk∈N
Note that Fn is a closed subset of , and ∗\Fn is connected and locally
connected at ∗, and if we deﬁne
wnz =


1
n
z ∈ Bn
hz z ∈ En
1
n
z = zk and zk > n,
then wn satisﬁes the hypothesis of Lemma 1 on Fn.
Now we deﬁne the function g1 F1 →  by
g1z =


p1z z ∈ B1
0 z ∈ E1
1+ expk+1 rk z = zk and zk > 1.
Then g1 ∈ AF1, and by Lemma 1, there exists an entire function f1 such
that
g1 − f1z < w1z z ∈ F1 (2)
Assume that n ∈ 2 3    and that we have constructed 2n − 2
functions g1 f1    gn−1 fn−1 such that gi ∈ AFi, fi ∈ H, and
gi − fiz < wiz, z ∈ Fi, ∀ i ∈ 1 2    n− 1. And we deﬁne the func-
tion gn  Fn →  by
gnz =


pnz z ∈ Bn
0 z ∈ En
1+ expk+1 rk + k
n−1∑
i=1
Mfirk z = zk and zk > n.
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Then gn ∈ AFn, and by Lemma 1, there exists an entire function fn such
that
gn − fnz < wnz z ∈ Fn (3)
Hence
gn − fnz <
1
n
 z ∈ Bn
Thus the sequence fn∞n=1 is dense in H. Now, we deﬁne M as the
linear span of fn. Evidently, M is a linear dense manifold of H. To
verify (a), it is sufﬁcient to check it with fn. If a ∈  and θ ∈ , then it is
easy to see that a+ reiθ ∈ En for r large enough, and when r →+∞
fna+ reiθ ≤ ha+ reiθ = oe−r
µ
We can deduce (b) in analogous form to [7].
To prove (c), if f ∈ M\0, it is clear that Jf  ⊂ eij πn  j = 0,
1     22µ	 + 1 − 1. Moreover if eij πn /∈ Jf , then there exists a sector
W such that eij
π
n ∈ W in which f assumes two values at most ﬁnitely often.
Thus the sequence of functions fnz = f nz is a normal family in W ,
and fn converges for all z ∈ W , and therefore it converges uniformly on
a compact subset of W . But then each subsector W ′ of W has the property
that f is bounded or 1
f
is bounded; that is not true in this case.
Finally making use of the Cauchy’s inequalities and the fundamental cal-
culus theorem, we obtain (d).
REFERENCES
1. N. U. Arakeljan and P. M. Gauthier, On tangential approximation by holomorphic func-
tions, Soviet J. Contemporary Math. Anal. 17, No. 6 (1982), 1–22.
2. D. H. Armitage, A non-constant continuous function on the plane whose integral on every
line is zero, Amer. Math. Monthly 101 (1994), 892–894.
3. D. H. Armitage and P. M. Gauthier, Recent developments in harmonic approximation with
applications, Results Math. 29 (1996), 1–15.
4. D. H. Armitage and M. Goldstein, Radial limiting behavior of harmonic functions in cones,
Complex Variables 22 (1993), 267–276.
5. D. H. Armitage and M. Goldstein, Nonuniqueness for the Radon transform, Proc. Amer.
Math. Soc. 117 (1993), 175–178.
6. L. Bernal Gonzalez, A lot of “counterexamples” to Liouville’s theorem, J. Math. Anal. Appl.
201 (1996), 1002–1009.
7. L. Bernal Gonzalez, Small entire functions with extremely fast growth, J. Math. Anal. Appl.
207 (1997), 541–548.
8. D. Gaier, “Lectures on Complex Approximation,” Birkha¨user, Boston, 1987.
9. L. Zalcman, Uniqueness and non uniqueness for the Radon transform, Bull. London Math.
Soc. 14 (1982), 244–245.
